Abstract. We consider the NLS on spheres. We describe the nonlinear evolutions of the highest weight spherical harmonics. As a consequence, in contrast with the flat torus, we obtain that the flow map fails to be uniformly continuous for Sobolev regularity above the threshold suggested by a simple scaling argument.
Introduction
In [4] , we obtained a set of Strichartz inequalities as well as local and global well-posedness results for the nonlinear Schrödinger equation (NLS) posed on a compact riemannian manifold (M, g)
where f is a suitably chosen real valued function. A natural question is whether the particular structure of (M, g) influences the critical threshold for the local well-posedness Sobolev regularity of the initial data. Our goal here is to give an affirmative answer to that question. Let us precise what we call local wellposedness in this paper. 
. The map u 0 → u is uniformly continuous from B R to C([−T, T ], H s (M )). 2. If u 0 ∈ H 1 (M ), u ∈ C([−T, T ], H 1 (M )) and satisfies the usual conservation laws
where F is a primitive of f .
The assumption of uniform continuity of the flow map in the above definition seems to be natural for semilinear equations. Moreover it turns out to be the case in the local well-posedness results of [4] . However, as it was pointed to us by H. Koch, such an assumption is unrealistic in the context of quasilinear problems.
The main issue in our analysis is to study the nonlinear evolution by the NLS flow of some eigenfunctions of the Laplace-Beltrami operator on the d dimensional sphere S d with the canonical metric. The situation turns out to be particularly simple in 1D. Consider the Cauchy problem
It is easy to check that u κ,n solves (1.2) with initial data κn −s exp(inx). More-
Fix κ ∈]0, 1[. Let {κ n } be a sequence of real numbers tending to κ which will be specified later. We observe that u κ,n (0, ·) − u κ n ,n (0, ·) tends to zero in H s (S 1 ) as n tends to infinity. Take now a positive t. Then there exist C > 0, independent of n and δ > 0 such that
If we suppose that (1.2) is locally well-posed in
But (1.4) easily fails by choosing {κ n } so that
for suitable α > 0, β > 0 satisfying 2s + β < 0. This leads to the following result. 
under weak assumptions on the nonlinearity, for example f (λ) = ±λ γ , for some γ > 0. In the case of (1.5) one has to deal with the following explicit solution [9] . It is shown that the cubic focusing NLS in 1D, posed on R, is locally ill-posed for data in H s (R), s < 0. The construction performed in [9] involves some dilatation arguments. Therefore it seems that the technique of [9] is restricted to the case of data defined on R.
We now turn to the higher dimensional case. Let (M, g) be a two dimensional riemannian manifold and ∆ g be the corresponding Laplace-Beltrami operator. We shall restrict our considerations to cubic defocusing nonlinearity but the arguments can be extended to some other nonlinearities. Thus consider the Cauchy problem
2 with the flat metric. Then (1.6) is invariant by a scaling transformation. Namely, if u(t, x) is a solution of (1.6) then so is
with initial data λu 0 (λx). Clearly λu 0 (λx) has the same L 2 (R 2 ) norm as u 0 (x). Heuristically this scaling argument suggests that (1.6) is locally well-posed for data in H s (M ), s > 0. Moreover this is the case when M = R 2 or M = T 2 with the flat metrics, due to [5] in the case R 2 and [2] in the periodic case. In this paper we show that the above heuristics fail when M = S 2 .
Theorem 2. Let
where ω n ≈ n 1 2 −2s and r n (t) satisfies
where δ > 0 and C T depends on T but not on n. Moreover there exists C > 0, independent of T and n such that
As a consequence the Cauchy problem (1.6) is not locally well-posed for data in
Remark 1.3. [10] ). Counterexamples for subcritical semilinear wave equations containing derivative nonlinearities are constructed in [11] . The rest of this note is organized as follows. In Section 2, we collect some algebraic facts which are useful in the sequel. In Section 3, we first give the proof of Theorem 2. Then we extend the argument providing the ill-posedness for s ∈ [0, 1 4 [. Since the proof of Theorem 3 is very similar to that of Theorem 2, in section 4 we only give the main lines of the proof of Theorem 3. Finally, at the end of Section 4, we discuss instability features of some weak solutions of (1.10).
The existence of
u ∈ C ∞ (R × S 2 ) is
Theorem 3. Let α ∈]0, 1]. Then the Cauchy problem
i∂ t u + ∆ S 6 u = u α u, u(0, x) = u 0 (x), (1.10) where x ∈ S 6 , t ∈ R, u := 1 +
Some algebraic lemmas
In this section, n is a fixed positive integer, and d ≥ 2. For every α ∈ R, we denote by R α the rotation of R d+1 defined by
and by R α the associated unitary operator of
Then the decomposition of u into spherical harmonics reads
where ω ∈ C and each g j is a spherical harmonic of degree > n.
Proof of Lemma 2.1.
Since the family (R α ) α∈R is a one-parameter group of unitary operators leaving invariant the space of spherical harmonics of degree l, one can find an orthonormal basis (h k ) of L 2 (S d ) such that, for every k, h k is a spherical harmonic satisfying, for some n k ∈ Z, for every α ∈ R,
Comparing (2.1) and (2.2), the decomposition of u in the basis (h k ) reads
Let h be a spherical harmonic of degree l satisfying property (2.1) for every α ∈ R. Denote by P the l-homogeneous polynomial on
Let us decompose P according to the powers of z = x 1 + ix 2 andz
where A pq is a homogeneous polynomial of degree l − p − q. In view of (2.4), (2.5) and
we conclude that A pq = 0 unless p − q = n. As a consequence,
and, if l = n, then p = n and q = 0, so that P = cz n , i.e. h = cψ. Coming back to decomposition (2.3), this completes the proof.
The main advantage of property (2.1) is that it is invariant under the nonlinear transformations
Combining this remark with Lemma 2.1, we obtain the following two statements.
where r is a sum of spherical harmonics of degree > n.
Lemma 2.3. Let c ∈ C and f ∈ C ∞ (R + ), such that (1.1) is locally well-posed (see Definition 1.1) in H s (M ). Let u ∈ C([−T, T ], H s (M )) ∩ X T be the solution of (1.1) satisfying u(0) = cψ. Then for every t ∈ [−T, T ],
where ω(t) ∈ C and each g j (t) is a spherical harmonic of degree > n.
Lemma 2.2 is an immediate consequence of Lemma 2.1 and the above remark. Lemma 2.3 follows from Lemma 2.1 and the observation that R α u and exp(inα)u belong to C([−T, T ], H
s (M )) ∩ X T and solve (1.1) with the same Cauchy data c exp(inα)ψ.
Proof of Theorem 2
We drop the subscript n for conciseness. We first prove (1.9). Recall the following conservation laws for (1.6).
The identity (3.1) results from the gauge invariance of (1.6) while (3.2) is due to the time translation invariance of (1.6). Since one has explicit asymptotics with respect to n of all Sobolev and Lebesgue norms of φ one can obtain bounds for u. First a use of (3.1) yields
Next using (3.2), we infer that
An interpolation argument gives
≤ Cκ which proves (1.9). Further we set c(t) := exp(−it(n(n + 1) + κ 2 ω)), where
Then c(t) satisfies the equation Further we decompose w(t) = z(t)φ + q(t) for some z : R → C and q : R → C ∞ (S 2 ). Then due to Lemma 2.3, we can suppose
Write u(t) = κc(t)(φ + w(t)). Using Lemma 2.2 and (3.3), we obtain that the equation for w(t) is
The proof of Theorem 2 will be completed 1 once we prove the following two lemmas. 1 The ill-posedness in H s (S 2 ) follows from an argument similar to the one in 1D already performed in the introduction.
Lemma 3.1. There exists a constant C > 0, independent of T and n such that q(t) H s ≤ Cn

Proof of Lemma We first rewrite the conservation laws (3.1), (3.2) in terms of z(t) and q(t). Since φ is orthogonal to q(t) in L
2 (S 2 ) as well as ∇φ to ∇q(t), we can rewrite (3.1) and (3.2) as
Observe that
where (·|·) denotes the L 2 (S 2 ) scalar product. Therefore multiplying (3.6) with −n(n + 1) and adding it to (3.7) gives
Due to (3.5), we can write q(t) = l≥n+1 q l (t) where q l ∈ Ker(∆ S 2 + l(l + 1)). Hence
If l ≥ n + 1, the following inequalities hold
Therefore we arrive at
An interpolation argument yields
This completes the proof of Lemma 3.1.
Proof of Lemma 3.2.
We project the equation (3.4) on φ and obtain the following equation for z(t)
Recall that w(t) = z(t)φ + q(t) and |φ| 2 φ = ωφ + r. Therefore the equation for z(t) can be rewritten as
We first estimate the source terms. Write |q|
Further we have |q|
Therefore if s > 1 8 the equation for z(t) can be written as
with z(0) = 0. Moreover using once again the L 2 conservation law (3.6), we have 
In view of (3.10), we setM (T ) = n 3s− 1 4 M (T ) and therefore (3.10) yields
SinceM ( , we obtain thatM ≤ CT uniformly with respect to n. This completes the proof of Lemma 3.2. since the argument providing the ill-posedness performed in the introduction works equally well provided that (3.11) holds. Therefore, with the notation of the previous section, one needs a bound for M (T ) only for T ∈ [0, T n ] with T n satisfying (3.11) . One now definesM (T ) as
and therefore for T ∈ [0, T n ] one has
Let ε > 0 be a small number to be fixed later. For s ≥ 0, we choose T n as follows
Clearly with the above choice of T n the relation (3.11) holds provided ε 1. Moreover, we have a uniform bound forM (T ), T ∈ [0, T n ]. This implies that for t ∈ [0, T n ] one has |z(t)| ≤ cn 
Sketch of the proof of Theorem 3
Suppose that (1.10) is locally well-posed in H 1 (S 6 ). 
where r is a sum of spherical harmonics of degree > n. Moreover, we can check that uniformly in κ ∈ [
where δ > 0 and c is independent of κ. Now we set c(t) := exp(−it(n(n + 5) + κ α ω)). Let u(t) be the solution of (1.10) subject to initial data φ. Writing u(t) = κc(t)(φ + w(t)) we obtain that the equation for w(t) is
Let w(t) = z(t)φ + q(t).
We now give the estimates of the quantities involved in the argument, performed in details in the previous section.
Estimate for q(t) L 2 . Similarly to the previous section one can check that
Therefore, using the above bounds for r L 2 and q(t) L 2 , we obtain
Estimate for q(t) H 1 . Clearly
Analysis on the nonlinear term. Set
Then F φ (0, 0) = 0 and
Since α ≤ 1, the second derivatives of F φ are bounded and therefore, similarly to the previous section, the equation for z(t) can be written as
Estimate for |zφ + q| 2 |φ|. Write Since α is positive we can take T n so that n and therefore the representation u(t) = κc(t)φ + O(n −γ ) in H s holds for t ∈ [0, T n ] for some γ > 0. Now it remains to perform the argument of the introduction in order to prove the ill-posedness. Remark 4.1. Global weak solutions of (1.10) 
